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I. INTEGRATION OVER A FINITE CYLINDRICAL REGION, Fig. 1

The integrals, Egqs. (12,13) [1], see also [2], are of either one of the

following forms:

$° = [[fxP iy 3z av (0
Q
s 3" sinar’'
- XLy, z' { } v 2
$ féfp( y',z )axv‘ayvkaxv“'ffk = (2)
c 3N cosay'
o= xl’ ',zl { } dv!
¢ féh( SRR e o e = = S T (3)
Letting x'=x', y'=g¢cos®, z'=gsin® and dv'=dx'dy'dz'=gdzdedx', these
integrals can be further evaluated as follows: [3]
(a)
6% = [[J(x")P iy (z")Sav
Q
2+q+s 1+p
1)1t (s=-1)!1(2m a 2 2 .

- {a )(qgs)!z (2m) Grams) C1p?)  if P.a,s all even (4a)

=0 if any one of p,q,s is odd.(4b)
where according to the definition of factorial,
(q-1)11 = ﬁiﬂ‘l)! = 1-3.5...(q-1), q even (5a)

2(2-1)(%-1)!
+
(ﬂ'z'i)(ﬂ_“-"-.)

(q+s)!! = 2 271 = 2+4-6...5(5+2)...(s+q), q,s even (5b)

and a is the radius of the cylinder, £ the length.

(b) n=0, ¢5:
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JIenPeniEn® T (D hgpgyre ) My
Q m=0



= Z ('l)m (gm+1)! 5 (6)

where

= [[faxnPrn ) ® @) ey @)
Q

Using the multinomial formula, [4]
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the integral
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where (u-1)!1!, (v-1)!1, (u+v)!! are defined as the same as (5a) and (5b),

and,
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= 2m3+s

m = m1+m2+m3

<
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(¢) n=0, ¢c:
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where
14 2
C = f”’(xl)P(y')q(zr)s LI_)'__ dv!'
m,p o T
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= ] et [ (x) CAMER % (12)
ml,mz,m3 1'"°2°73" @
A= 2m1+p
u = 2m2+q
v = 2m3+s
my+my+my = m (13)
The integral on the right hand side of Eq.(12) can be evaluated as
follows:

[rentontan’ &5 -
Q

S (v-1) 11,
G (1+v§?! : (2m) -1

if u,v all even (14a)

u

=0 if any one of u,v is odd. (14b)

In the above expression
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The integrals

L
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where
kl = A+ 2t - 2 (19)
is even, and
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G- 4,
2 N2 )
kqy )
2 (z)! .
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The integral

2
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-2
L k
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where
k2 =A+k-1=2+u+v
The integral
2
f (x,)l*'kdx,
-2

. 22x+k+1

'. A+k+1

if A,u,v are even

if any one of A,u,v is odd.
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II. INTEGRATION OVER A RECTANGULAR PARALLELEPIPED, Fig. 2

In the case of a rectangular parallelepiped, the integrals in (14),
{15), (16) can be evaluated as follows:

(a)

$° = [[fx)Py1)%(zr)Sav
)

= (p+1)(q§1)(5+1) (a)q+1(b)5+1(£)p+1 if p,q,s all are even (24a)

=0 if any one of p,q,s is odd. (24b)

where £,a,b is length of the rectangular parallelepiped toward x',y',z'-
direction, respectively.
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S S 1nar

5 = IIICx') oy dv'

2m

2m+1
- féf(x')P(y')q(z')smgoc-l)m T

2m+1
+ 10" S (29
and
2
Sm,p = PN @) T
2
Q
2m, +p 2m_+2 2m,+s
1 2 3
= ) lm Tm,! fff(x') 0" (z') dv'
m; ,Mm,,0, myrmyt
- 3 gt (a)* )Vt
o5 o BBl (D Gl (04D
1°72°73
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The integrals in (34) can be evaluated as follows:
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if v is even

=0 if v is odd.

where Hv is defined as an operator as follows:
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if u is even
=0 - "if p is odd.

In the above expression

o2 SR u @ e . )

T. =
E v+l t1=1 (£+2)g...(5—2t1+4)
g-1)!t! = 1-3...(5-1) £ is even
(E+2) 11 = 2+4..,(E+2) £ is even
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The integral
a 212+u dy!

I,(x") = J’ ") a9y
2 la Vit 24y12
£. -2t +1 t.-1 £,/2 2(5,-1)!!
17°%3 2.°3 2.2 1 1
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where II_. 1is defined as the same as (32a), only if replace v with 51 and

1

g, = 2iy+u
(El—l)!! = 1-3...(51-1) El is even
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The integral
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(34b)
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if p is even (403a)

=0 if y is odd. ( 40b)
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The integrals in (44) can be evaluated as in Appendix.
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APPENDIX

The I-Integrals and T-Functions

(a) The I-integrals
(1) 2 t,-1 ———————
f (x')l+2n(b2+x'2) 1 /(az+b2+x,2)3 dx!

-2

-
n

ar t
1
x Z T (b) 1.(a2+b2)
n r.ir,!

Tl, 2 1°°2

Ly s T TS

ST Y Vet 3

2r %
. (-1)"/2 rl!g!! ?ﬁf;i?ilib) 1.(a2+b2)n/2[%&-/(a2+b2+22)3 .

1"1,1"2 2
+ %{a2+b2)(2/a2+b2+22 + (a.2+b2)sh'1 ——&———J]
Yal+b2

if X is even
=0 if A is odd
in which the w-function L is defined in (b) of the Appendix.

(i1) I, = I} + I

2 2 2
2 A+2n S —
1= [ax)  Ffaxr B el ? ax
-2
26 t,-1 n,-2t,+1 —m—m———
! 2
=n ] a2 @m @) et et iad)3
n 6,16,1
l1e6,,0 2
1’72
n.,/2 2(n,-1) 1! 20 n./2
1 8! 1 1. 2.2.71
* LD T o @ e (@)
8.,0 1°7°2 1
1’72
(Z/éz+b2+ 2, (.212+b2)sh-1 %
/a2+b2
if A is even
= 0 if XA is odd.
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L A+2n

1y = f (x) Lp2exr2)36/25-1 __a 4.
-2 /bl+xt2
28 n.+1 n./2
=2 Z ! a(b) 1(2‘) 3 1 ol ( 3Z ( 1)t()+l
1 1 =
©1:8; €;ley! ng+l e le,t °1'%2' £ 21
n_-2t_ +1
t.-1 3 6
et e en " @i
n,-2t,+1 g b
3 3
« i (25! el 2j+1
A N G VI - e le T3
e;,e, j =2 27713 123+ 12
2, b7l Mz-2tgrl n./2 (N,-1)1!
n j,-1 (n=2j,+1) (N-2j-1)...(3-254)
3 (b2+£2) 1 3 1 3 1
n j.-1 2e
3 1 2 -1 2 1
(b) (1'[,'13(1) + (-1 5 g 7 1(®)
if A is even
=0 if A is odd.
(iii) 2 A+2i,+2t -2 ——r
I = [ (x) 1773 aZax? ax
-2
te-1 Ny-2t.+l ————= n,/2 2(n,-1)1!! n,/2
_ 2,5 2 5 2,..2.3 2 2 2, 2
=0 (@) 7 W Y(@%+25)7 + (-1) Ty
2 2
(2/h2+£2 + a%sn! éa if A is even
=0 if A is odd.
(iv) L A+2i.+E
171 . -~
I, =/ " sh™t 27 ax'
-2
t.-1 Na-2t, +1 —— Na/2 2(ng-1)1!! n
__a 2,15 97t15"t 72 9 9 9.,-12¢
" g1y (37 (2) Yatr® + (-1) —ngyTT (@ eh -]
if X is even

=0 if A is odd.
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(vii)

Ill

2 A+2i.+2t,-2

|
f(X') 1 4 —————_.dx__.———
-2 )/3.2'4‘}('2
t. -1 Ne-2t, ,~1 Ng/2 2(ny-1)1! No/2
mo(a) M) ¥ T a2, gy 8 8 2% ¥ gl e
n8 (ns)!! a
if X is even
0 if A is odd.
I, - Iy
2 A+2i.+E -2 a ,
] " 11 -1 v dx
=L
t,. -1 n,, -2t, +1 n,s/2 2(n,q=1)1!
2, (a2) 16 T.(gy 16777167 12,02, gy 10 _(Tl]oﬁ.
10 10 100!
"10_, -1 2
(a) sh -3] if A is even
0 if X is odd.
fﬂ(x')MZil%l-2 —2__ ax
-9 ,/aZ.,.xlz
t N.-2tg-1 —— ne/2 2(ne.-1) 11! n/2
Ir_ (a) 9-(2) 5 9 -/az+22 + (-1) > ___E_____(a) S sh 12
s (Mt E
5
if A is even
0 if X is odd.
_ jl(x')l+211+2t2-2 dx!
-2 /(aZ.,.ch)Zj‘l
n, -2t, . +1 RIeT
. (az)tlo“l w® (_1)”6/2 _ 20 D! _
g /(a2+22)25-3 (ng-23-2) (ng-2j-4)...(-2j)
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k k

26, “ 32 g MG G-n .. Gy -l (2 B
. + < : - )
(2§-3) a2/ (a2+25) 23 -3 ky =1 (B33 (23=7).. . (2j=2k,-5) (4az)k11
if A is even -
=0 if A is odd.
. t
(viii) L. fz(x')k+21l+gl_2t°-2 (a2+x'2) O4x?
8~ a2t 20 23-1
-2 v/(a, +X'4) J
t,,-1+9 n.,-2t.,+1
. ; sl (ad) 12 gy 77712 . o1
"7 6150, $1°%2! /(aZea®) -3 b6, $1'%2!
n,/2 2(n -1 1!
B oo ) oS B R e 5D
n./2+ 2 Kz . 2,213
dh 7Ty a 3728 7721 (3-3) . - (3K 5-1) (a7429)
+ -—
(2j-3)a2/ca7+17)21'3 k; =1 (2j-S)(2j-7)...(2j-2k13-3)(4a2)k13
if A is even
=0 if A is odd.
(ix) 2 A+2i,+E -2 '
19 - J' (x") 11 dx
e J(a2+ex'2)23-1
ti,-1  ng-2t. +1
. a2y 1277y 812 . (-1)n8/2 __72(”8‘1)!’ .
Ng  J(a2+22)2)-1 (ng-2j-2) (ng-2j-4) ... (-2j)
. k k
28 -2 g 12(5-2) (5-3) .. G-k p D @By 12

(1 +
(2j-3)a/(a2+22)23-3 k,,=1 (2j-5)(2j-7)...(2j-2k12-3)(4a2)k12

if A is even

=0 if A is odd.

17




(b) The w-Functions

The n-functions in the I-integrals listed in (a) of this Appendix are

defined as follows:

(i) 2 n/2 (n+1) (n-1) ... (n~2t 5+3)
T = w1 tz_l(‘l) &) (1+2) - - - (-2t ;+6)
-

n=2A+2n, + 2T

2 2 (is even)

(ii) nN_ as the same as (35), if replace & with Ny

1
n, = A+ 2n1 +262 (is even)
61 + 62 =8 =£/2

(1i1) n,/2
7 t,+1 (Ne+1) (n,-1)...(n,-2t,+3)

I - 2 z (-1) 7 3 3 3 7

Ng n3+1 t =1 (n3-231+1)(n3-231-1)...(n3-231-2t7+3)

L [3-2(51+1) 1[3-25 1. [3-2(§ 1-to+2) ]

. ; Z 1 8 (2) 8 ) J1 Jl e Jl‘ 8

ng  3-2(3;+1) tgo1 (3,-1(4-2)...(G4-tg)
ng = A+ 2n1 + 2e2 (is even)

e, +e,=¢€= %-E
(iv) Hn as the same as (35), if replace £ with n,
2

= XA + 2i, + 2t3 - 2 (is even)

N2 1

(v) IIn as the same as (32a), if replace v with Ng
9

ng = A+ 2i1 + El (is even)
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(vi) Hn as the same as (32a), if replace v with Ng
8

Mg = A+ 211 + 2t4 -2 (is even)

(vii) T as the same as (32a), if replace v with n
"o 10

N = A+ 211 + El - 2 (is even)

(viii) Hn as the same as (32a), if replace v with Ne

S
ng = A +211 + 51 -2 (is even)
. n./2
(ix) . ) 5 6Z (_1)t10+1 (n§+l)(n6-1)...(n6-2t10+3)
Ng Ng*l t o=l (n6-23-2)(n6-23-4)...(n6-23—2t10)
ng = A+ 2i1 +2t2 - 2 (is even)

(x) I as the same as NI , if replace n, with n
7 e 6 7

n, = A +2il + 51 +2¢2 - 2t0 - 2 (is even)
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